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1. Introduction

Let p and g be nonzero integers with A = p —q — 1 # 0. The Lucas sequences [11], (U,)nsp and
(V) nso, are defined by

Uy=0 U, =1 U,=pU,_;—qU,_, for n=2,
and

V=2, Vi=p, V =pVp_; —qVy_, for n=>2,
respectively. These numbers can be extended to negative indices by
_ PUnt; — Unyo _ PVisr — Vg2

and V|, = ———
q " q

for n < 0. Some special cases of U,, and Vj, are given in Table 1 and Table 2, respectively.

Un

Table 1: Examples of Lucas sequences of the first kind (U,,)

(p,q) Recurrence name First few terms startingatn = 0 OEIS [14]
(1,—1) Fibonacci 01,1, 2 3,5 8 13, 21, 34, ... A000045
2,—1) Pell 0,1,2 5 12,29, 70, 169, 408, ... A000129
(6,1) Balancing 0,1, 6, 35, 204, 1189, 6930, 40391, ... A001109
(1,—2) Jacobsthal 0,1,1,3, 5 11,21, 43, 85, 171, 341, ... A001045
Table 2: Examples of Lucas sequences of the second kind (14,)

(p,q) Recurrence name First few terms startingatn = 0 OEIS [14]
(1,—1) Lucas 2, 1,3, 4,7, 11,18, 29, 47, 76, ... A000032
(2,—1) Pell-Lucas 2, 2,6, 14, 34, 82, 198, 478, 1154, ...  A002203
(6,1) Balancing-Lucas 2, 6, 34, 198, 1154, 6726, 39202, ... A003499

(1,—2) Jacobsthal-Lucas 2, 1, 5, 7, 17, 31, 65, 127, 257, 511, ... A014551

The Horadam sequence [8], W, = w,,(W,, W;; p, q), is a generalization of the Lucas sequences and is
defined by

Wy, = pWy_; — qWp—_; for n > 2,
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with initial terms W, and W;. Clearly, U,, = w,(0,1; p,q) and V,, = w,(2,p; p,q). When p = [ and
q = —1, the Lucas sequences (U,,),,s¢ and (V)= are reduced respectively to the classical Fibonacci
sequence (F,)nso and the companion Lucas sequence (L,)ns¢. Many authors have attempted to find
an exact formula for the sum
n
Z k™,
k=1

using various techniques, where m is a nonnegative integer. These methods include linear recurrence
relations, the finite difference approach, linear operators, and matrix methods. The study started in
1963 with a problem proposed by Brousseau [3] to discover an expression for the sum Y, i* F;. One
year later, Erbacher and Fuchs [6] proposed a solution for this problem. Later, Ledin [10], Brousseau
[4], and Zeitlin [16], and recently, Ollerton and Shannon [12], Shannon and Ollerton [14], Dresden
[5], and Adegoke [1] derived expressions for such sums. Dresden [5] used a new method in which only
binomial coefficients were used to find the sum. Nair and Karunakaran [13] applied similar methods
to extend Dresden’s formula to k-Fibonacci numbers. This article further extends their work by
deriving an explicit formula for the Lucas-Brousseau sum

n
z k™ U,
k=1

This is our Theorem 2, which states that

1D ke = (€Gp@) Uner =a (€ + ) 0 = (EGH).

where C’((;’g) (n) is a coefficient polynomial, a polynomial in n of degree m. We find this polynomial

using simple recursive formulas involving only binomial coefficients. Specifically, we show that
Clrpm = Z A ()
where the numbers c/lgm)) are defined by c/lgo)q) = /and
A = AZ(( )+ q)( )cﬁlglq)’), for m > 1.
Furthermore, we extend (1) to the Horadam sequence (W,),s¢ and obtain (Theorem 5)
(p a (p a )

Az K™ Wi = O (Wi s — qCO (n + DW, — IV (OW, + qCL (DWW

Throughout this paper, we assume that (7)) = 7 and 0” = 1.

2. Weighted sums in recurrence form
In this section, we derive a recurrence formula for the Brousseau sums

n
z k™ U,
k=1
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of the Lucas numbers of the first kind. Using this, along with the known identity

n
(0 =q=D ) Ue=Uniy=qUp— 1, @
k=1

we can find the Brousseau sums of the Lucas numbers form = 7,2, 3, ....
Theorem 1. For all integers m,n > 1, the following identity holds:

- q—l)EkmUk—n Unss = q(n+ D™, +2(( ' +a) (" )(ka ka>

Proof. Since Uy,; = pU, — qU;_, forall k > 1, we have

Uk = Ugs; + qUi—;. 3
Multiplying Eq. (3) through by k™ and then adding each side for / < k < n, we obtain

szmUk zk Uk+1+qzkmuk I

n+l/

Z(k —DmU, + qZ(k + MU,

n+l/

Z(k _DmU + qZ(k + D™ U,

After modifying the summations on the right-hand side so that the variable k ranges from 7 to n, we
obtain

P KUy = 0"y = qln+ DUy + ;«k = D™+ qUe+ DM U (@)

By using the binomial expansion, we have

(k—])m+q(k+])m—2(( ])J.|_q)( >km j

_(1+q)km+2(( 1)1+q)( )km J,

Substituting this in Eq. (4),
we get

kamUk=nmUn+,—q(n+])mUn+(]+q)kaUk
+ZZ(( 1)J+q)( )km iy,
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Thus,
n m n
. m .
(p—q-— ])Z k™U, =n"U,,; —q(n+ D™U, + Z((—I)J + q) ( . ) Z k™I U, ).
k=1 = J =
= j=1 k=1
This completes the proof. O

Setting m = 1 in Theorem 1 yields

(p=q=D) kU =nln;=qn+ DUp+@=D ) U @)
k=1 k=1

Substituting Eqg. (2) in Eq. (4), we get

n
Upy1 —qU, — 1
(=4 =D ) KUy =nUnss = qn+ DUy + (g = D=1
k=1 —q-1
e Rl e U ey
= n+———|Upss —q|n+ ——| U, — |————|.
[ p—q-—1 n+l — 4 p—q-—1 n p—q-—1 ()

Likewise, by setting m = 2 in Theorem 1 and using Egs. (2), (4) and (5), we obtain

n _ 2 _
(P—q—l)zsz:Fln2+2<q—1)n+<q +(p 6)q+(p+1)>lUn+1
k=1

p—q—1 (p—q-—17°
p—2 p’+(@-3Np—4(@q-1D
a2 () ’
ql p—q—1 p—q-17 "
[+ -69+@+D ©
p—q-17°
3. Weighted sums in explicit form

In this section, we find an explicit formula for finding the Brousseau sums }.z_, k™ U, of the Lucas
numbers of the first kind. We can rewrite Egs. (2), (5), and (6) as

n
AzUk = n+1_qUn_1:

k=1

- - i ]

q- q- q-

YT S bt PR TP bt B PR R Bt |

£ k _n+p_q_] n+l/ q(n+ )+p_ —J n p_q_[

n _

q—1 @ +@-6qg+(@+1)
AZkZU = [n? 2(—) U
" _n+ p—q-1"7 (p—q-—1)7 i

—ql(n+1)2+2(r;l_])(n+1)+<

_lq2+(p—6)q+(p+1)
p—q-17

q2+(p—6)q+(p+1)>lU
(p—q-—1)° "
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From the above equations, we recognize that each equation is of the form
n
— (pm) (m) (m)
AZ K™ Ui = (€07, (0)) Ut — q (€00 (n+ D)) Uy — (€2 (0)),
k=1
where C’((Zg) (n) is a polynomial in n of degree m. To understand the nature of the coefficients of this

polynomial, we must define the following sequence (A™),,»o:

1, ifm=20;
Apa) = im((—1)1'+ )Y ATD, ifm > 1
’ V. ; q j g @ HM=1.
]:

Note that here we assumed that A =p —q — 1 # 0.

(m)

The recurrence A, generates the sequence

(».9)

-1 @+@—-06q+p+1q +Up—-23)¢"+ @ +23)q—p’—4p—1

1, , , ) e
A A2 A3
Table 3: Coefficient sequences of some classical sequences

(p,q) Recurrence Coefficient Sequence cﬂgzg)

(1,—1) Fibonacci/Lucas 1, =2, 8, —50, 416, —4322, 53888, ...
(1,—2) Pell/Pell-Lucas 1, =1, 2, =7, 32, =181, 1232, —=9787, ...

3 69 1443
(2,—1) Jacobsthal/Jacobsthal-Lucas 7, ~3 4, - 100, -5
. 1 77
(6,1) Balancing numbers 1, 0, > 0, 2, 0, i 0, 347, ...

From the last equation in in the above set of weighted sums, we see that

q2+(p—6)q+(p+1)l

®)
(64 e

».9)

(n) =n?+2 qT_]]n+l

2 2 2
—_ o 2 @)) &)
- (0) A + (]) Aot + (2) Ap.ay
(m)

o, q)(n) in n of degree m:

With this in mind, we define the following coefficient polynomial C
m
m) o\ _ m 0 L om-j
Copp (M) = z <j )"q(p,q)"m & )
j=0

(m) —_ gm
Note that C’(p'q)(O) = Apa)

Now we are ready to state and prove the key formula.

Theorem 2. Let A = p — q — 1 # 0. Then, for all integers m,n withm > 0 and n > 1, the following
identity holds:

n
) YT N PO ) A ) N
k=1
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That is,

n m m
— my m m ,m -
= r= r=

Proof. We use induction on m. The case where m = 0 follows from Eq. (2). Now, setm > [. Assume
that Eq. (8) holds for all nonnegative integers less than m. By Theorem 1, we have

AkaUkznmUnH (n+1)m+2(( 1)1+q)( )[kafuk

Applying induction assumption, for j = 1,2, ..., m, we have

AZ k™I Uy = (c(p q)])(n)> bl — (c(p Dn+ 1)) Un — (c(pq)f)(0)> (10)

Substituting Eq. (10) in Eq. (9) yields

O
Un — "q(p Q"

)

m

Akzl K" U =100 = a4 D"+ |33 (04 0) () (e ) | U

j=1

- %2((—1)1' +9q) (T) (C'((;an)(" * ”) Un

I .
2.+ (7) (e @) (n
j=1
For any non-negative integer x, write
I~ .
2@ =3 (01 +a) () (e ). (12)
j=1

Using this notation, we can rewrite Eq. (11) as

A KU = 1y = qGt D™+ (S00)Unss = (£ + D)Un = 0. (13)
k=1

Now, using Eq. (7), we have
m-—

(m—j) AD -j-
C(pq) (x) = Z( ) (pq)xm g

Substituting this in Eq. (12) yields

S = %i((—z)]’ ra) (|2 (") A |
=
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Now, executing the change of variable ' = r + j (keeping j fixed), this becomes

m

=530 +a) ()3 ()|

r'=j
By switching the order of summation and using the binomial identity (see [2, Identity 134])

(r]n) (7::]1) = (™) (;) we obtain

Z(( ])]+q)< >dquq)j) x™ 2 CHE;Q) o

‘r:

() =

S
/—\

Thus, 3.(x) = Crp gy (x) — x™
Therefore,

X)) =Chp) —n
Yn+D =Choym+D—-m+Dm,
20) = Cipp(0).
Substituting this in Eq. (13) yields

AZ kK™ Uy = n™Upy; — q(n+ D™Up + [C (1) = n™[ Uy

—q[Ch o+ D) = (n+ D™|U, — Cf} 5 (0)
(m) (m) (m)
= (€5 @) Unss = a (€ + 1) Un = (Cim (@) ).
This completes the proof. O

Example 3. As an illustration, we find the Brousseau sums Y%_, k? B), of the Balancing numbers.
Settingm = 4,p = 6,q = 1, and W), = B, in Eq. (8) yields

n
4. Z K Bi = (€L )) Bass — (€0 + D) B, — (¢, (),
k=0
where
4 4 4 4 4

(4) — 40 €] ®) 3 C))

el = A (o) A0 () + 40 () + A0 () + 40 ()
Now, using Table 3, we obtain

C((;’?) (n) =n*+ 3n’ + 2.

Therefore,

[(n*+3n°+2)B,y, — (n+ D!+ 3n+ 1)’ +2)B, - 2].

-l\IN

n
Z k* B,
k=1
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Theorem 4. Let A =p —q — 1 # 0. For all integers m,n,r withm > 0 and n > 1, we have
n
AZ k™ Uk+r = (C((;rz) (n)) Un+r+1 -q (c((;r,g) (Tl + ])) Un+r
k=1
(m) (m)
— (o () Uras + q (€2 (D) U, (14)

Proof. The case r = 0 follows from Theorem 2. Now, assume that » > /. Using binomial expansion,
we have

n n+r
D KU = Y (k=" Uy
k=1 k=r+1
n+r

T
Z(k—r)m U= (k=)™ U,
k=1 k=1

n+r m ' m
S oSS e
k=17=0 k=17=0
Thus,
n m n+r r
Z K™ Uy, = Z (T) (=) [Z kmi U, — ) kiU (15)
k=1 =0 k=1 k=1

Now, using Theorem 2, we have

n+r

Y Uy = (€GP 1)) Uiy = a (€5 0 7+ D)) Uy = €SP 0,
k=1
and
r
A U, = (850 Unirer = a (G 0+ D) Uiy = €550 (O)
k=1

Substituting in (15), we obtain

n
AZ K™ U,
k=1

m m
m , i m . .
= D (T eieg o |vnw—al Y () eGP e+ D |
j=0 / Jj=0 J
m m
m . o m . o
A2 () e @ o +a| Y () erveg e o a6
j=0 =0

https://internationalpubls.com 479



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 27 No. 4 (2024)

Now, for x € Z, let

m

S(x) = z (T) (- r)JC’(p q)ﬂ(x) (17)

j=0
Using this notation, we can rewrite (16) as

/12 k™ Uk+r = S(Tl + r)Un+r+1 - ch‘(n +r+ I)Un+r - CS‘(7')Ur+1 + qS(r + ])Ur- (]8)
k=1

Using Egs. (7) and (17), we obtain

m-—

st0- 33 ()" e

j=0 i=0

‘\..

By switching the order of summation, this becomes

m m-—i

=35 ()"

i=0 :

Now, using the binomial identity (see [2, Identity 134])( )("‘ =" (m l) we obtain

m -1

5(x)=2(r]r_l)c/l€2q) ' ( L_])( r) xmJ

i=0 j=0

3

m

=2 () Abpte=nm

i=0
where the last equality follows from the binomial expansion. Thus,
S(x) =M (x —1).

Therefore,
S+r) =Comm),
Sm+r+1) =cim+D),
S =Com o,
S+ =ciu .

Substituting in Eq. (18), we obtain
/12 k™ Upyr = C((;ng) (n)) n+r+1 — 4 (C((;n;) (n+ 1)) n+r
(m) (m)
— (o () Urss +q (€T (D) U
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as desired.

Next, we consider the case r < —1. Now, using the identity [9, Identity 4.19], we have

Uk+r = U4 1Ur — qU Uy (19
Multiplying Eqg. (19) through by k™, and then adding each side for / < k < n, we obtain
n n n
D KM Uiy = Up Y K Uy = qUpy ) K™ Uy 20)
k=1 k=1 k=1

Now, applying the above part of the proof, we obtain

AZ kU = (00 ) Uy — q (€50 + D) Uy = (€S0 @), @D

and
AZ k™ Uy = p q) (n)) n+2 (C((;ng) (n+ ])) n+i — (C((;rg) (0))

(C((;n 2 (D). (22)
Using Egs. (20) - (22), we obtain

Azk Uerr = (€82 0)) Uy U = Uy Ups )

—q (e0 (n+ 1) U, Unys — qUs_Uy)
~(Com®) WU, = qU-) + qU, (CGy (D)
( ((;nq))(n)) n+r+l — 4 ( ((;ng)(n + 1)) n+r
(m) (m)

=~ (CGD ) Urss +a(cGo ) U
where the last equality follows from the identity (19) and the Lucas recurrence. This completes the
proof. O
4. Extension to Horadam sequence
The Lucas numbers U,, and the Horadam numbers W, are connected by the relation [9, Identity 2.14]

Wn = UpyW; — qU, i W, (23)

Using identity (23), we can extend Theorem 4 to Horadam numbers.

Theorem 5. LetA =p —q — 1 # 0. Then for all integers m,n withm > 0 and n > 1, we have
n
Az KWy = (€8 () Whry — g (€50 (n+ D) W,

—(clm @)W, +q (el ?) W (24)
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Proof. Since W), = U W; — qU,._;W,, we have

n n n
kaWk:WIkaUk—CIWOkaUk_I (25)
k=1 k=1 k=1

Now, using Theorem 4, we have

AZ KU = (C0m ) Unir — g (Crmy (et 1)) Uy — (€50 (0))

and AkaUk-F Cloapy ) Un = 4 (Corip @+ D) Uy = (€5 (D).

Substituting in Eq. (25), we obtain

n
A Z K™ W,
k=1
= (€00 0)) W1 W) — qUWg) = q (CT2 (n + 1)) (UnW; = qU W)
—(Com @) Wi +a(cGo!) W,
cm cm cm (m)
( (CX)) (n)) n+l ( @+ 1)) ( (@, q)(O)) Wi+aq (C(p ) (I)) Wo,
where the last equality follows from Eq. (23). This completes the proof. O

Setting W, = V;, in Theorem 5, we have the following corollary:
Corollary 6. Let A =p —q — I # 0. Then for all integers m > 0, we have

1) ki = (C6 ) Vaws = a (CG e+ D) = p (€5, () + 24 (€5 (D),
=/

Example 7. As an illustration, we find the Brousseau sums Y?_, k* L, of the “regular” Lucas
numbers Lk defined by Lk = Lk—] + Lk—Z’LO = 2,L1 =] Set“ng m= 3,p = 1,q = —], and Wk =
L in Eq. (23) yields

n
Z KL, = c((j) @) by + (€5 + 1) Ly ((3((,3) NO)ITRL ot (1)) Ly,
where
3 _ (0) ) 3 ®) 3 3 3
Ci- 1)(”) =Aq_p o)n + A —1)(1)"2 tAG-n (2)"1 + ‘A(z,—z)(g)no-
Now, using Table 3, we obtain
ey ) =n' = 6n’ + 24n — 50.
Therefore,

Z L=’ —6n’+2n—=50)L,,, + (n+ 1D’ —=6m+1D°+24(n+1)—50)L, + 112.
k=1
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5. Conclusion

For all integers m,n,r with m > 0 and n > 1, we have established an explicit formula for the sums
Y= k™ U, and Y7 -, k™ Uy, using just elementary methods. Furthermore, the study was extended
to the Horadam numbers W,,. Both Ledin and Adegoke extended the study to the Lucas numbers. Our
approach has the advantage of not requiring the complicated integration techniques of Ledin or the
derivative methods of Adegoke. To obtain the polynomial form of the sum };_, k™ W, Adegoke
employed two complicated sets of polynomials, P;(m, n; p, q) and P,(m, n; p, q), along with another
complicated set of numbers, C(m,r; a, b, p, q). Our insight is that we can find these formulas using a

single set of “coefficient polynomials” ng,TZ) (n).
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