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1. Introduction

E. Cartan was a French mathematician who invented the theory of Cartan space in 1933 [2]. Cartan
space is the dual of a Finsler space [6]. The relation between Cartan space and Finsler space has been
studied by F. Brickell [1], H. Rund [10] and others. R. Miron ( [6], [7]) introduced the theory of
Hamiltonian space, He proved that Cartan space is a particular case of Hamilton space. The notion of
(a, B)-metric in Cartan space was introduced by T. Igrashi ( [4], [3]. He obtained the metric tensors
and some invariants which characterize the special class of Cartan spaces with (a, §)-metric. H.G.
Nagaraja [8], G. Shanker [11], M. Rafee [9] and Tripathi [13] have also made significant
development in the theory of Cartan spaces with (a, f)-metric. The paper is organized as follows:

In Section 2, we give basic definitions and results required for subsequent sections. In Section 3, we
deal with Cartan space with a generalized square (a, 8)-metric admitting h-metrical d-connection.
In Section 4, we study the conformal change of Cartan space and find some important results.

2. Preliminaries
We recall some important definitions like Finsler metric in cotangent bundle, Cartan space etc:

Definition 2.1 (Finsler Metric of Cotangent Bundle ) Let M be a smooth manifold and T*M be
its cotangent bundle. A C* function K:T*M{0} —= R is called Finsler metric or Finsler
fundamental function on the cotangent bundle T*M if it satisfies the following properties:
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(1) Positivity: K(x,w) =0 forall w € T,M.
(2) Positive Homogeneity: K(x, w) is +ve 1-homogeneous on the fibers of the cotangent bundle
T*M,ie., K(x,Aw) =AK(x,w), V 1> 0;forany x € M, w € Ty M.

1 92%K?

(3) Strict Convexity of K(x, w): The hessian matrix defined by g% (x, w) = PRI (x, w) is
positive definite for all (x, w) € T*M{0}.

Definition 2.2 (Cartan Space)

A differentiable manifold M equipped with a Finsler metric K(x, w) defined on the cotangent bundle
T*M is called a Cartan space.

Cartan space is denoted by C" = (M,K (x, a))), where K(x,w) represents norm of the differential
one form w € Ty M based at any point x € M. The function K(x,w) is called the fundamental

function and g9 (x, w) = = 07K
! 2 awiaa)j

(x, ) is called the fundamental metric tensor of the Cartan space

C™. In Cartan space the metric K:T*M — [0,0) is defined from cotangent bundle T*M to non-
negative real numbers, so at a point x € M, K(x, —) eats one-form w € Ty M and spits non-negative
reals, amounts to saying that Cartan space is constructed on the cotangent bundle T*M in the same
way a Finsler space (M ,F(x, y)), where F:TM - [0, o), is constructed on the tangent bundle TM.

Next we define the norm of a differential one form w € Ty M in local coordinates or in terms of
fundamental metric tensor g of the corresponding Cartan space (M ,K(x, a))).

Definition 2.3 (Norm of a Differential one Form)

Let (M,K (x, w)) be a Cartan space , where K(x, ) is a Finsler metric on the cotangent bundle
T*M. Then the norm of a differential one form w € T,M at any fixed point x € M is denoted by
K,(w) and defined by

d%K?
awlaa)]

1
Ki(w) = > (x, ) w;w;

= gij (x, (‘))wiwj'

ij 1 9%K?
here g (x, w) ==
where g ( ’ ) Zawiawj

(x, w) is the fundamental metric tensor of the Finsler metric K(x, w) of
cotangent bundle.
Definition 2.4 (Cartanspacewith(a, ) — metric)

If the fundamental function K(x, w) of a Cartan space C" = (M, K(x, oo)) is a function of variables
B(x, w) = w;b'(x), where al(x) is a Riemannian metric and b'(x) is a vector field depending only
on X, then C" is called Cartan space with (a, §)-metric. Here it is to be remarked that K(x, w) must
satisfy all the conditions imposed on the fundamental function of a Cartan space.

Let us consider a Cartan space C" = (M,K (x, a))) with a special (a,f) -metric, known as
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a(x,w)+p (x,w)]" 1
[a(x,w)]™

1
generalized square metric, K(x,w) =1 , where a = (aij (x, a))a)ia)j)z and B =

w;b*(x).

The fundamental tensor g% (x,w) and its reciprocal tensor g;;(x,w) of the Cartan space C™ =
(M,K(a,B)) are given by [3]

g9 = pa + pob'b’ + p_;(b'w; + bl w;) + p_,w;w;, (1)

where p, py, p—1 and p_, are invariants which are defined and calculated as follows:
1
p=-Kq

2a

_ (@-np)(@+p"

2qn+2

1
Po =5 Kgp

_ n(n+1)(a+p)™ !
- 2an

1
P-1 =7 Rap

_ nm+D)p(a+p) !
- Zan+2

pP-2 = ﬁ(l(aa - iKa)

_ (a+B)" Hn(n+1)B*~(a-np)(a+p)}

2qnt4
and
gij = O'Cll'j - O—Obibj + O'_l(bi(l)j + b](l)l) + G_Zwiwj, (2)
where
1
g =-
p
2a,n+2
 (a-nB)(a+B)"
— Po
Op = p

T=0+0,B*>+p_f

o_4 — P2
pT

p-2

O_o, = —
2 p‘r’

where B? = bibj and B represents the norm of the differential form B(x, w) = w;b*(x) € Ty M.

The Cartan torsion tensor CY¥ [5] is given by
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CU* = —~[r_b'bIb¥ + {p_1ab* + p_rale® + r_,b'b Wk +

r_sh'w/ Wk + i|j|k} + r_y0'w/ W],

where its coefficients r_4, r_,, r_3 and r_, are defined and calculated as follows:

1
-1 =5 Kppp
_ (n-Dnn+1)(a+p)"?
o 2am
1
r_o, = ZKQB,B

_ _ n(n+ D(a+np)(a+p)" 2

2qnt+1

3 = 7 (Kaap = 5 Kap)

_ n(n+1)p(a+B)"2Ba+2f+np)
- 2an+4

1 3 3
T_4 = ﬁ(l{aaa - ;Kaa + ;Ka)

_ n(m+D)B%(a+B)" H(n-D(a+p) tad-(n+2)}
- an+s .

)

Let ’:” denote the covariant differentiation with respect to Christoffel symbols yjik constructed from

a;j. Whenever we talk about Christoffel symbols )/jik constructed from a;;, we mean yjik =

1 li(aakl aal  aalk
2 ax; ~ axk  ax!

). Since w;., = 0 and from Ricci’s theorem of tensor calculus [14] we have

a:i,]{' =0 , if b}, =0, then gl,i =0. Also, let Fjik(p) = %gir(ajgrk + O0kgjr — arg,-k) be the

Christoffel symbols constructed from fundamental metric tensor g;;(x,w) of the Cartan space

(M ,K(x, a))). Now, for the Cartan space (M, K(x, a))), we state canonical d-connection is a triplet

given by
) i
DT = (Njx, Hjj, C[°),
where

— Tk 1k r3h
Nij = Tjjw, — - Tpr w0 gy;

. 1 .
Hj = Eglr(ajgrk + 0kgjr — 0r9ji)

j 1 ag'k(x, -
¢ (x,0) = =2 gir (2, 0) 22 = g, (x, ) CTH (x, )

dw”

(4)
)
(6)

are respectively called canonical N-connection, Christoffel symbols and d-tensor field of type (2,1).

Let h-covariant derivative with respect to DI be denoted by the symbol '|,s. Then, we have the

following definition for later use.
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Definition 2.5 ([9])An h-metrical d-connection on a Cartan space C" = (M, K(a(x, w), B(w)) with
(a, B)-metric is a d-connection, DI" on C", satisfying the following properties:

(i) h-deflection tensor Dyj(= w;;) = 0

(i) a}, =0

(i) g, = 0.

3. Cartan spaces with a generalized square metric admitting h-metrical d-connection

In this section we impose a condition on d-connection DI' of the Cartan space with generalized square
metric to be h-metrical and in consequence we assess what shapes the corresponding Cartan space
assumes.

First we take the h-covariant derivative of generalized square metric:

_ [axo)+Bxw)]™!
KGow) = ==
i ( N )+ it Da™a+ ) (ap + Bp) —nla+ )" ay,
g\ WiWjp T WjWip WiwWjg, = 2"

As we have stipulated the d-connection DI' of the Cartan space is h-metrical, therefore by Definition
2.5, we have

— — — ij _
(A)j|h = 0,(1.)i|h = O, a|h = 0’g|h =0
Using these values in above expression, we get

(n+Da™(a+ "0+ Bjp) —n(a+ )" x0

gY(w; X0+ w; X 0) + w;w; X 0 =

aZn
0= (m+Da™(a+B)"Bin
Bin="0 (va#=0,#0) (7)
(wib' (X)) =0 (+ B(x ) = w;b'(x))

(A)ibi(X)m + bi(.X')(,()i'h =0

As we have stipulated the d-connection DI' of the Cartan space is h-metrical, therefore by Definition
2.5, we have

wip =0,

Using these values in above expression, we get
wib' () +b'(x) x0=10
wibi(x)m =0

bi(X)p =0 (8)
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Now, we find h-covariant derivatives of the coefficients of metric tensor g¥ and then use conditions
of h-metrical d-connection DI' of Cartan space as follows, we get

_ (@-np)(a+p"

“p 2qN+2
. a2 @+ B (a-np)n(a+B) " (ajp—Bip)+(@p—nBp)}—(@-np)(n+2)a™ tay,
“Pn= 2g2nta
on = 0. ©)
_ nn+)(a+p)" !
0~ 2an
) n(n+1){(n-Da"(a+B)" 2 (ayp+Bjp)—2na*™ " (a+p)" 1}
. pOlh = 2g2M
.. _ nm+D)B(a+p) !
TP-1= T 2a+2

a™2{(n—1)B(a+p)" 2 (ajp+Bp)+B i) - (n+2) Ba™ Layy]

- pan = n(n+ D(a+ gyt

202n+4
p-1jn = 0. (11)
_ (@B Hnn+1)B*~(a-nB)(a+B)}
2 = Pt
“ p-zn = 0. (12)

The h-covariant differentiation of the equation (1) gives
gin = paj, +apy + po(b'b) ) + bbIpg + p_y (' + by, +
(b'w’ + bl )p_yp + pp (W@ + w'w!p_yp,
gll,jl = palif1 + aijp|h + po(biblj;l + bjbfh) + bibjpom + p_l(biwlj;l + wibfh + bja)fh + wib,{)
p1n(blw’ + blw') + p_2|h(a)iw|]}l + a)ja)fh) + w'w/p_yp

Using the conditions of h-metrical d-connection DI' of Cartan space and Equations (8), (9), (10),
(11) and (12), above equation reduces to

’
g ,Jl =0.
Thus, allowing d-connection DI' of the Cartan space to be h-metrical, it gives two important

quantities namely ali{; = 0 (by definition of h-metrical d-connection) and gll,]I = 0, i.e., h-covariant

derivatives of fundamental metric tensors of associated Riemannian space and Cartan space vanishes.

Now, since all{l =0 and gli fl = 0, therefore there corresponding Chritoffel symbols will also be same,

i.e., Hj, = v, and its equivalent condition is given by

L =0 (13)
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Now, since Hj, =y, therefore the curvature tensor Dy, of DT' coincides with the curvature tensor

Rpji of Riemannian connection RT' = (yj‘k,y}kyi, 0),ie., Dpjx = Ry

If the Riemannian curvature tensor vanishes, i.e., R}, k=0, the curvature tensor of d-connection also

vanishes, i.e., Dy, = 0. This discussion can be summarized as follows:

[a(x,w)+B (x,w)]" !

[ax)]™ 7
admitting a h-metrical d-connection is locally flat if and only if the associated Riemmanian space is
locally flat.

Proposition 3.1 A Cartan space C™ with generalized square metric, K(x,w) =

Now, we find h-covariant derivatives of the coefficients of Cartan torsion tensor CY¥ and then use
conditions of h-metrical d-connection DI of Cartan space and equation (7) as follows:

m-Dnn+1)(a+p)"?
T'_l =

2an
r—1|h = 0 (14)
B _ nm+D)(a+np)(a+p)"?
: T‘_2 - 2an+1
AT =0 (15)
.. _ nm+D)B(a+p)" 2(3a+2B+np)
T3 = 2gNn+4
oo T'_3|h = 0 (16)
_ n(m+1D)B%(a+B)" H(n-1)(a+p) tad-(n+2)}
-4 — an+s
S TS 0 (17)

Now we calculate the value of h-covariant derivative of d-tensor field Cij *of type (2,1) under the
assumption of h-metrical d-connection as follows:

Czij = g4y CTY
Cin = (9rC™),,
= Gkr X Cﬁfj +C™ X 0gyrin
= gerﬁ:]
= —gkr%[r_lbrbibj +75b"hlw! + 1_sh"wlw! + 10" w'w! + p_ja"h) +
p—za" w! +rliljln
= —Gir; 2oy % (b"b'b7 ), + b"b'b) X Or_q), + 17— X (b"b'w/), + b hlw’ x

0r_yp +1_3 X (brwiwj)lh + b wiwl x Or_gjp + 7g X (wrwiwj)lh T oTwlnl x
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07_apn + p—1 X (@b )y + a" b7 X 0p_1p + p_p X (a" ) + a"'w’ x
0p_zn + (rlil)n]
= —Gier 5 [ros (BD'DT)ypy + 75 (Dbl )y + T3 (BT 0l ) + Ty(@ ') +
p—1(a" b)), + p_p (@ ) + (rlil))n]

= —gkr%[r_l(brbiObljh + bThI0b}, + b'bI0b];) + r_,(b"b' 0w, + b"w/0b}, + blw/Ob];) +

r_3(brwi0wlj}l + bra)jOa)fh + a)iijbrh) + r_4(wrwi0w|];l + wra)jwah + a)ia)jOa)rh) +

/o_l(a”'ObI];qL + bjOar,f) + p_z(ariOa){}l + cojOa'r,f) +0(rlilj)n]
Cop =0 (18)

One knows that a Cartan space C" is Berwald space if and only if C,i{h = (0 [12]. Hence from
Equation (18), we have the following proposition:

a(x,w)+p (x,w)]" 1
[a(x,@)]™ '

Proposition 3.2 A Cartan space C™ with generalized square metric, K(x,w) = [
admitting h-metrical d-connection is a Berwald space.

In [12], it is deduced that a locally Minkowski space is a Berwald space in which curvature tensor

vanishes. Hence, from the Propositions 3.1 and 3.2, we have following theorem:

a(x,w)+p (x,w)]"
[a(x,w)]?

h-metrical d-connection is locally Minkowski space if and only if the associated Riemannian space is

locally flat.

Theorem 3.3 A4 Cartan space with generalized square metric, K(x, w) = [ , admitting

4. Conformal change of Cartan space with generalized square metric

In this section our aim is to conformally transform a Cartan space (M K (x, a))) to another Cartan

space (M, K(x, w)) and then to determine the nature of curvature tensor D}, jk 1n the conformally

transformed space (M,K (x, w)) under the influence of h-metrical d-connection on the original
Cartan space (M ,K(x, w)). That is, we are going to determine the shape of conformally transformed
space (M K (x, a))) under the stipulation of h-metrical d-connection on (M ,K(x, a))).

For that, consider an n-dimensional Cartan space C" = (M " K(x, a))) equipped with a real smooth

a(x,w)+Bxw)™
[a(x,w)]™

n-manifold M and generalized square metric K(a, 8), given by K(x, w) = [ , where

.. 1 . o~ i~ ~
a = (a"(x, w)w;w;)? and B = w;b'(x). By a conformal change o:K — K such that K(&p) =
e’K(a, B), we have the another Cartan space c" = (M,K(d, ﬁ)), where @ = e®a and ﬁ =ep.

. 1 L .
Putting a = (a¥ (x, w)w;w;)z and B = w;b*(x) in the above relations, we get
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ad=e°

a
P 1
@ =e’(a"(x, w)w;wj)?

. 1
= (e??a" (x, w)w;w))?

Q
|

N 1
a@ = (@Y w;wj)?
¥ = e??a"(x,w)

and

bt = e%bi(x).
Now we calculate the Christoffel symbols )7rpk in conformally transformed space (M,I? (x, a))) as

follows:

We know from Riemannian geometry Christoffel symbols of second kind y?%, from fundamental

metric tensor aP9(x, w) can be defined as

P _ lalp (aakl + dald _ aaq")
Yar =3 axd  dxk dx!

Similarly, we can also define the Christoffel symbols ka in conformally transformed space

(M,I?(x, w)) as

~p _ ldlp (adkl adlq _ aqu)
Yok =3 ax9 = axk  axl

0e?%ay(x,w) , 0e*%a;q(x,w) _ aezaaqk(x.w))

_l 20 4lp (
=2¢a (x, w) x4 axk ax!

_1 25 1 20 94k 9e?? 20 9%4q 9e?? 20 9%jq de??
=-€ ap[(e —+akl + (e ﬁ‘l‘alqm —\e —+aqu

2 x4 x4 ox!
1 20,0p [( 20 99k 20 do ) ( 20 91g 20 do )
==e“%q e’ —+4 2e“%q,; — e’ —+ 2e“%q;,— ) —
2 axa T klgea) T axk T lq gxk
da do
20 Y“%qk 20 el
(e oxl T 2e”" aqk axl)]

1 46 ip [(aakl dayq aaqk) ( do do aa)]
==-e*%q — 20— + 2a;, — — 2a,, —
2 oxd toxk T oxt) T Kl grq T 401q 3k ak Gl

_ 4o (L ip (9% , 9%q aaqk) Ip Ip _ A lp ]
=e [Za (axq + a2k 9l + (a aklO'q +a alqO'k a ako'l)

= e“[y‘;’k + (800, + 80 — agot)]

413
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Hence, the components of Christoffel symbols )75 «» constructed from aP?, in conformally transformed

space are given by
Vo = Yar + Bge (19)
where B, = 0i,8 + 0,8, — agqo?, of = g,aPi,
The covariant derivative of b? with respect to ka, yields
bt = e (b, + 20 bP + b7 6,65 — a,b"any). (20)

Transvecting the Equation (20) by b¥, and putting

MP = (bbb, - 20), 1)

n+4

we have oP = MP — MP, from which we get op = Mp — M,,. Substituting the values of g, and o”
in Equation (19) and using Dy, =y} + 8f My + 8] Mg + 8§ My, — MPay,q, we find

AP — pP
Dpg = Dyq- (22)
Here D,Il’q is a symmetric and conformally invariant linear connection on M.
The whole discussion can be summarized in the following proposition.

Proposition 4.1 Let C" = (M,K G a))) be a Cartan space with generalized square metric
+1
K(x, ) = [a(x,w)+B (x,0)]"

[a(x,w)]™

. Then, there exists a conformally invariant symmetric linear connection
P
Dgy on M.

Next, if we denote the curvature tensor of ng by D,’l’q x> then from the Equation (22), we get

Df.i = Diyre (23)
Since bf,’( = 0, from Equation (21), we get M' = 0. Hence, we deduce that Dé’k = ys’k and Dﬁqk =
R} -

Thus we have the following proposition.

Proposition 4.2 Let C" = (M,K) be a Cartan space with generalized square metric, K(x,w) =
[a(x,w)+B(x,w)] 1
[a(x,w)]™

, admitting h-metrical d-connection. Then, there exists a conformally invariant

T : P P _ P o P _ pP
symmetric linear connection Dy, such that Dy, = Vg, and it’s curvature tensor Dy, = R o

Next, if the associated Riemannian space (M, a) is locally flat, that is, R,’l’qk = (0, then from

Proposition 4.2 and Equation (23), we deduce that 5,’;] « = 0, thatis, the space C™ is conformally flat.
Thus we have the following theorem.
Theorem 4.3 Let C" = (M,K) be a Cartan space withgeneralized square metric, K(x,w) =

[a(x,w)+B (x,w)]**1
[a(x,w)]™

, admitting h-metrical d-connection. Then the space C" is conformally flat if and
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only if the associated Riemannian space is locally flat.

Conclusion: Now after all, one may ask why authors of the article are so interested to carry forward
a(x,w)+Bx,w)]" 1
[a(x,w)]?

1,2,3, .... My answer is very assertive that generalization of any theory is always fascinating due to its

this theory of Cartan space with the generalized square metric K(x, w) = [ , where n =

nature to bring various special cases under one umbrella. For example, the theorems that we have
proved works for every natural number n € N.
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