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1. Introduction

In mathematical terms, when we describe the evolution of a real process impacted by
perturbations in the short term, it can be convenient to neglect the duration of these
perturbations and treat them as if they were occurring instantly, i.e. in the form of impulses.
Thus, impulsive differential equations naturally play a role in modeling many evolutionary
phenomena observed in the real world, such as rupture rate models in medicine and biology,
optimal control models in economics, pharmacokinetics, and frequency modulation systems
[6]. Over the years, researchers have conducted many studies addressing the problem of
establishing the existence of solutions for various types of impulsive differential equations, for
some results and applications of the impulsive differential equations see [2,7,8].

Yongkun, Tianwei [7] studied the following problem has a unique %—anti-periodic solution by
using the method of coincidence degree,

")+ (X)) +g (t,x(t),x(t - r(t_x))) =p(t), t # ty, k €Z,
x(tf) = x(tie) + L(x(t), x' () = ' (tic) + Lie(x (8, x' (&),
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in this problem, f depends only on ¢, and x'(t), and g depends on t,x(t), and 7,y), Where
T(tx) 1S @ time and state-dependent delay.

Motivated by the work mentioned above, we study the existence of anti-periodic solutions of
the more general second order impulsive differential equations:

x"(t) + o) f(t, x(t),x' () =e(t) fort #ty, k €L
Ax(ty) = x(tf) — x(t;) = Ik(x(t;)), (1.1
Ax' (t) = x' (&) — %' (t;0) = L(x' (t)),

where f € C(R3, R) and ¢ € C(R,R) are given function, e, I, I, € C(R,R), f in the first
argument and ¢ are w periodic, w is a positive constant. There exists a positive integer g such
that ty.q =ty + %,I,Hq(u) = —Ii(—w), L4+q(u) = =L, (—u) forall u,v € R, k € Z. we also

assume that [0, %) N{txk € Z} = {ty, tp, ., tg ).

2 Preliminaries

For the remainder of this section, we present some results which will be needed in section 3.
We use a fixed point theorem of coincidence degree to establish an existence of solution for
system (1.1).

In the following, we introduce first some notations.

Let

PC™([0,w],R) = {x:[0,w] » R | x™(¢t),n = 0,1,2, is a piecewise continuous map with
first-class discontinuous points in [0, w] N {t;: k € Z} and at each discontinuous point it is
continuous on the left }. We set

x ={xepPc'([0,w], R):x(t + %) = —x(t) forall t € [0, %]}

and
Y = X x R?4
be two Banach spaces with the norms
|| = max{|x|w, |X'|} and |z|y = |x|x + |y| forallx € X, z €Y, y € R??

in which |x|e = max, [, o lx(®)], 1% |0 = max, [, o) |x"(t)],] - | is any norm of R?4,

Definition 2.1 ([4]). Let X and Y be normed vector spaces and consider the linear mapping L :
D(LycX — Y.L is called a Fredholm mapping of index 0 if dim(Ker (L)) =
codim(Im (L)) < oo and Im(L) is a closed subset of Y.

Remark 2.1 ([4]). If L is a Fredholm mapping of index 0, then there exist continuous projectors
P:X — X,Q:Y — Y such that Im (P) = Ker(L) and Im(L) = Ker(Q) = Im (I — Q).
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It follows that L;p(1)nker (py: (I — P)X — Im (L) is an invertible map, with inverse Kp.

Definition 2.2([4]). Let N: X — Y be a continuous map between two normed spaces and (2 an
open bounded subset of X. We say that N is L-compact on Q if QN () is bounded and K (I —
Q)N:Q — X is a compact map.

Lemma 2.1 ([4], [7]). Let X', Y be two Banach spaces, 0 < X be open bounded and symmetric
with 0 € Q. Suppose that L: D(L) € X — Y is a linear Fredholm operator of index zero with
D(L)NQ # @ and N: Q — Y is L-compact. Further, we also assume that

Lx — Nx # A(—Lx — N(—x))
forall x € D(L) ndQ, 4 € (0,1].
Then equation Lx = Nx has at least one solution on DomL N Q.

Lemma 2.2. Assume that x(t) is an %—anti-periodic function, h € C(R, R). If x(t) is a solution
of the following system

{x"(t) =h(0), t #t, k €L, (2.1)

x(t) = x(t) + L(x(t), X' (&) = x" () + L (x' (&),

then x satisfies

(

1 [t+7 1 _
x'(t) = ——j h(s)ds — > Z L(x'(t), t £ t, k €Z,
t

2
tee(tt+)

x(ty) = x(tg) + Ik(x(tk))-

Proof. Since x(t) is an %—anti-periodic solution of system (2.1), then by integrating x"'(t) =
h(t),t # t,(k € Z) step by step from t to t + % we have

% h(s)ds + Z ' (65 — X' (ED)]- 2.2)

tee(tt+3)

x' (t+%) =x'(t) +f

t

By x' (¢ +2) = —x'() and x' (&) — x'(t;c) = L (x'(t)) (k € Z), it follows from (2.2) that

1 (7 1 _
X"(t) = _E-]; 2 h(s)ds — E (Z w) Ik(x,(tk))'
tre(tt+

Lemma 2.3. Assume that there exist constants «a, 8, a; and b;, such that

(Hy) Forall t,x,y,u,v € R,
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Iftx,y) — f(twv)| <alx—ul+Bly—vl|
(Hy) forall t,x,y € R,

1L, (x) = Ly < aglx — y| and |, (x) = (W) < bilx — yl.

(H3)1 — max{A,A,} > 0, where

q
A= may 1)1 + ) +) by
i =

and

2

q q
Ay =2 max lG@+ B +2 ) bt ) @

SE[O —]

Then the set of all possible %—anti-periodic solutions of problem

1 A
(x"() = ——G(t, x) ~-—Z G, x) t£t, ke,

1+4 1+4
1x(t) = x(ty) sk Ik(x(tk)) e Alk( x(t), (2.3)
X' = x' () + N Afk(x’(tk)) -7 +/11k( x' (),
where
G(t,x) =e(t) — p(O)f (&, x(1), x' (1))
and

G(t,—x) = e(t) — (O (t, —x (1), —x'())

are bounded in X.

Proof. Let S c X be the set of all possible %—anti-periodic solutions of (2.3). If S = @, the
proof is ended. Suppose S # @, and let x € S. From Lemma 2, system (2.3) can reduce to

rx’(t) = %LHZ [1 i FRASI JerG(S x)] ds +_ Z [11/11_"(_"’“"))

tkE(t,t+%)

(2.4)

1 n Alk(x (tk))] t + tk, k e Z,

kx(tk) x(ty) + Ik(x(tk)) —

Alk(—x(tk)).
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Let to=t3 =0ty = (;’ in view of (23), we get from (H,)—(H,)
q+1

f ks =) [ |x"<s>|ds+z &) = %' ()]

= Jti,
fz
0

< [ﬁ + 1/1?] f7 max{|G(s,x)|,|G(s,—x)|}ds

1 A _
1—_”6(5 ,X) — mG(s —x)| ds + Z |1 Ik(x’(tk)) — mlk(—x’(tk))|

N

1
o+ H]Z max{[F(x' (60)], [ (=" (6) [}
q
< Z max{|G(s,x) — G(s,0)|,|G(s,—x) — G(s,0)|}ds

+ max |G(s, 0)|— + 2 I7.(0)]

NS [0—]
< f max{|—=¢(s)f (s,x(s),x'(s)) + ¢()f (5, 0,0)[,| =p(s)f (s, —x(s5), =x'(5))

+9(5)f(5,0,0) Nds + Z bl ()1 + ma GG 0)|—+Z 1A0)

SE|0,5

(JJ

< max |¢(S)I * masx{|—f (s, x(s),%'()) + £(5,0,0)], |- (s, ~x(s), =x'(s)) + £ (5, 0,0 [}ds

se[o 7]

+Z belx' 01+ ma GG 0>|—+Z 7O

SE(0,5

q
<5 mag 19l [alxle + 1x'Lo] Z bl ()] + maz GGs, 0)'—+Z )

2 SE[ 2] Se[ _]
w
< Esrerfag]lqb(S)Iﬁ + Z bk] |x'eo += sqaf]l(b(s)lalxl“

+ max |G(s, 0)|—+ Z I5.(0)]

se[o]

<

> mag (4l + ) +Z bk] [xlx + max [Gs, 0)|—+z )]

[ sE 0—
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= A |x|x + 9Oy,
where
0, = max |G(s, 0)|—+Z I5.(0)].
SE[O—]

Furthermore, in view of (2.4), we have

q+1

fo ol =) | f x <s>|ds+z () — x(t)
f ft+

w

fz D |1+/11k(—x(tk))—1 Alk(x(tk))|dt

tee(tt+)

+Z |1+ L(x(ty) - Ik( x(tk))|

1
1 +AG( S, —X) ——G(s x)|dsdt

w w
1(2 (2
S EviEesilil f e e Il

(2.5)

w q q
1 (2 _
+§f02 kZ:l max{|L(x' )|, [L(—x' (&) |}de + ; max{|L (x (&), [l (—x () [}

107 [t
< —f f max{|G(s,x) — G(s,0)|,|G(s,—x) — G(s,0)|}dsdt
2Jy Je
q
+7 ) max{|l(x (©0) - O], [f(=x'(5) - ()]}
k=1

q
+ Z max{|1k(x(tk)) — Ik(O)l,I L (—x(t) — I, (0) 1}
k=1
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w w q q
102 (2 w _

w57 T 166 0lsde+ 5 Y 1RO1+ ) 1)
2Jo Je = k=1

17 (7
377 maxl=00)1 (s 2050, (50) + 41 5,000,
|—¢ (S)f(S —x(s), —x (s)) + ¢ (s)f(s,0,0)|}dsdt

2

q q
Z byl (tk>|+z axlx(to)] + 7 mag (66,01 +7 > RO+ ) (L)
k=1 k=1

SE[O —]

2

T mag le(la + Z ak] Xl +

<

S€E 0—

(1)2
bk +-g max |¢(S)|ﬁ] "] 0

se[o]

w?
+— max_|G(s,0)| + 42 |, (0)] +2 |11, (0)

SE[O —]

P q q
< % m §]I¢(S)I(a+ﬁ)+%z bt ). ak] |x|x+— max G(s, 0)|

elo k=1 k=1 8 sefog]

q
w —
+Z; 7 +kZ 1)

= Azlxlx + @2, (26)

where

q
0, = ma 16(5, 001 + e Ik(o>|+z 1)1
k=1

Since x(t) is an arbitrary %—anti-periodic solution of system (2.3), so x'(t) is %—anti-periodic.
Hence, there exist constants u, v € [O, %] such that

x(w) =x(w)=0andx'(v) =x"(v7) =0.

Therefore, for t € [O, %] we have

w w

z z
Ix" (O] < x' W)l +f |x" (s)|ds =f |x"(s)lds (2.7)

0 0

and
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w w

2 2
(D] < x@)| + f lx'(s)|ds = f 1x'(s)ds 2.8)

0 0

Then we obtain from (2.5) -(2.8) that

w
'] = max |x'()] < f |2 (s)lds < Aqlxlx + 0
te[o 2] 0
and
w
2
¥l = max [x(0)] < f 12/ (s)lds < Aylxlx + O,.
te[o—] 0
So

|x]x = max{|x|e, x|} < max{A, Az}|x|x + max{0,, 0,}
which implies from (H;) that

max{0,, 0,}
1 —max{A;,A,}

|x]x <

3 Existence

Theorem 3.1. Assume that ¢ is a % periodic function. In addition, we suppose that there exist
constants a, 8, a; and by, such that the following conditions are satisfied:

(Hy) Forall t,x,y,u,v € R,
If(t,x,y) = fLuv)| < alx —ul +Bly —vl.
(H,)forallt,x,y € Rand Vk € Z,
11 (x) — L) < aglx — y| and [T (x) = [ ()] < bylx — yl.

(H3) Forall t,x,y € R,

f(t +%,—x, —y) =—f(t,x,y), e (t +%) = —e(t)

(H4)1 - maX{Al, Az} > 0, Where

w
hr = mag @+ ) +Z by

ozl

and
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2

q q
A, =Y max |¢>(s)|(a+ﬁ)+%z bk+2 ay.

8 scfod)
Then (1.1) has a unique %—anti-periodic solution.

Proof. Lemma 1 will be applied to obtaining the existence of %—anti-periodic solution of (1.1).
By Lemma 3, there exists M such that, for any %—anti-periodic solution x(t) of (2.3),

|x[r <M
where
max{®,,0
= (01,02} + 1.
1 - maX{Al, Az}
Set

Q={x € X:|x|y <M}cX.
Then define a linear operator L: D(L) ¢ X —» Y by
x o (x”,Ax(tl),Ax(tz), ...,Ax(tq),Ax’(tl),Ax’(tz), ...,Ax’(tq)),
where Ax(t,) = x(t;f) — x(t;), Ax' (t) = x' () — x'(t;), k € Z, and
_ 1 . o W @
D(L) = {x € PCY([0, ], R): x (£ + 2) = —x(¢t) forall t € [0, 2]}

N: X -»Y

Nix = (F(t),ll(x(tl)),lz (), s Iy (x(£0)) B (¥ (). B(X' (1)), - (x’(tq))>,
where

F(©) = e(t) — (O f (¢, x(6), x'(1)).

It is easy to see that

w

KerL = {0} and ImL = {z = (f, C1y s Cqr Ay, ...,dq) € Y:f f(s)ds = 0} =Y.
0

Thus
dimKerL = 0 = codimImL,

and L is a linear Fredholm operator of index zero.
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Define the continuous projectors P: X’ — X by
w
Px = f x(s)ds =0,
0

and Q:Y - Y by

QZ = Q(fi C1y ey qud1; vy dq) = (f f(S)dS, 0, ...,0,0, ,0)
0

Hence Im P = Ker L and Ker Q = Im L.

Let Lz':Im L — D(L) N Ker P the inverse of L|p 0 ker p

w — 4t

- ]: f(s)ds + jot (t — s)f(s)ds — %j: (% — ) f(s)ds + z (t — t,)d,

0<tr<t
q q
Ck 2 8 2)% T3/,

0<tp<t

-1, _
Lp*z =

inwhich ¢y = —¢;,dgy; = —d; forall 1 <i < q.
Clearly, QN and Lz (I — Q)N are continuous.

Using the Arzela-Ascoli theorem, it is not difficult to show that QN(Q) is bounded and Lz (I —
Q)N(Q) is relatively compact. Therefore, N is L-compact on Q.

Now conditions of Lemmal are satisfied because if there exists x € 90 N D(L) and 1 € [0,1]
such that

Lx — Nx = A(—Lx — N(—x))

(1+A)Lx = Nx — AN(—x)
then x is a %—anti-periodic solution of (2.3).

So by Lemma 3, we have

maX{@ll 62}
1 — max{A;,A,}

| x| <

which implies that
I.X'Ix <M.

Since x € dQ N D(L); so |x|, = M a contradiction. Thus,
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Lx — Nx # A(—Lx — N(—x))

forx € 0@ n D(L) and A € [0,1]. Then by Lemmal problem (1.1) has at least one solution on
DomL n Q.

Suppose that x(t) and y(t) are two %—anti-periodic solutions of system (1.1). Set z(t) =
x(t) — y(t). Then we have

zZ"(t)=G(t,z), t #ty, kEL
z(68) = z(ti) + L (x (&) — L (¥ (&), (3.1)
z'(t}) = 2 () + L(x' (t) — L (v (),

where

G(t,2) = p(Of (t,y(®),y' () — p(Of (£, x(1), x' (1)).
From Lemma 2, system (3.1) can reduce to

( 1t

z'(t) = _EJ; G(s,z)ds

1

2 Z L' (t),) = L' (&) )] t # by, kKEL

tke(t,t+%)

z(t3) =z(t;) + L(x () — L (y(t1)).

By using a similar argument as that in the proof of Lemma 2.3, we can obtain that

w

2
1z'|ee = max [z ()] <f 12" (s)lds < Aq 1l z llx,
tefo3] 0
and
)
2
1z|eo = max |z(¢)] <] |z'(s)|ds < A;|z| .
tefo3] 0
So

|Z|X = maX{lzloo' |Z’|oo} < maX{Al:AZHZlX'
Since z(t) and z'(t) are anti-periodic functions, it follows from (H,) that
z(t) =z'(t) =0forallt € R.

Thus x(t) = y(t) for all t € R. Therefore, system (1.1) has a unique %—anti-periodic solution.

4 Example
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In this section, we present an example to demonstrate the application of Theorem 3.1. Let us
consider the impulsive differential equations:

x"(t) + # (sin (t))?cos (t)[(x(t) — x'(t))| = Ofort # ty, k € Z
Ke(t) = x(60) — x(07) = ~x(t), (4.1)

1
Ax'(ty) = x' (&) — x'(t;) = Fx’(tk),

where f(tx,y) = --cos ()] (x(t) = y(O)|, (£) = — (sin (D)2, e(t) = 0, I (x) =
T () = = x,and [0, 0] N {ti: k € Z} = {t1, t5, 15}
Thusa =f =%T,andak = by =$.

We have ¢ is m-periodic and we can easily see that assumptions (H;) — (H,) hold. Then by
Theorem 3.1, system (4.1) has a unique m-anti-periodic solution.
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